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Abstract

Recent studies have established a strong connection between the mathematical properties of nonlinear activation functions employed in the fundamental computational unit of deep
learning machines- the artificial neuron- and the emergence of dynamical isometry. The latter denotes a condition on the singular value spectrum of the input-output Jacobian of the
network mapping, whereby gradients propagate stably across depth (i.e., neither exploding nor vanishing during training), thus promoting faster convergence and improved training
stability. However it remains unclear whether general theoretical principles exists that govern the performance of these models more broadly as a function of the activation functions
employed. In this work, the two most widely used families of nonlinear activation functions-- sigmoidal and ReLU-- are analyzed from a thermodynamics perspective. It is shown that
ReLU functions exhibit a thermodynamic signature that is fundamentally distinct from that of sigmoidal functions, leading to qualitatively different thermodynamic behavior in the
resulting networks. This distinction impacts not only learning dynamics and generalization performance but also the thermodynamic efficiency of these models. These theoretical
results provide new insights into the foundations of deep learning. Their implications are further supported by a series of benchmark experiments specifically designed to
empirically assess the validity of the proposed framework.

Introduction Methods

The rectified linear unit (hereafter ReLU) is the most widely used activation function in deep learning. Its success stems
rom its high computational efficiency and its ability to mitigate the vanishing gradient problem [1]. This speedup is
ital for large-scale models utilizing hardware accelerators (e.g., GPUs) as well as for mobile deployment. Ultimately,
efficient gradient propagation in ReLU networks yields faster convergence, enabling the training of exceptionally deep
models [3][5][6]. Using the methodology from [2], this paper analyzes shallow ReLU and sigmoidal networks from a
hermodynamic perspective to evaluate their generalization performance and the computational costs of their learning

Grounded in the statistical physics framework of [2], this model describes a
shallow architecture with g, inputs, a single hidden layer of g, ReLU units, and a
single-unit sigmoidal output layer, maintaining consistent notation throughout.
his approach treats deep networks as thermodynamic systems of particles
(neurons) subject to an external field (network topology) that restricts the
system's degrees of freedom and alters its accessible phase space volume. Here,

and recall phases. It is shown that ReLU networks yield better average generalization because they store less energy
hile maintaining higher entropy. Surprisingly, and contrary to popular belief, ReLU networks exhibit worse
hermodynamic efficiency than sigmoid and hyperbolic tangent architectures. Consequently, depending on the unit
count and input dimensionality, the computational costs for training can actually be higher for ReLU networks due to
how heavily the activation function dictates the system's thermodynamic regime.

entropy quantifies architectural power, internal energy represents loss landscape
complexity, and specific heat measures computational speed and thermodynamic
efficiency. Accordingly, the generating function of energies and the coefficients
hat appears in the mathematical expression reads:
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Entropy and internal energy are derived from the expression of the generating function of

energies, with the stored potential energy calculated by subtracting the total neuron coun o=l @ N g ol — 1
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entropy-to-potential-energy ratio (left) and heat capacity as a function of input space
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Discussion

To validate the preceding theoretical results, we evaluated
performance using datasets from the European ELENA
research project [7]. The graphs depict the performance
metrics for a 5xNx1 architecture (N = 5,000, 10,000, 50,000)
rained on phoneme.dat via backpropagation. The top graph
outlines generalization, while the bottom graph displays
, , - average computational runtimes calculated across 1,000
| gomp _ __ CZA , independent learning phases of 50 epochs each.The
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capacity during computation, minimizing heat dissipation. On a Von Neumann compute
architecture, this fact reduces computational runtimes during optimization and inference
[2]. Theoretically, these metrics indicate that for a given structural complexity, shallo
ReLU networks lead to a more stable thermodynamic regime than sigmoidal or hyperbolic
angent architectures. This regime provides increased information-storage capacit
(higher entropy) and a smoother loss landscape geometry (lower potential energy), albei
at the expense of lower information-processing efficiency. Consequently, while shallo
ReLU networks inherently learn and generalize better than sigmoidal networks, they scale
ith a distinct computational runtime penalty as the total number of neurons grows.
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